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Abstract. Geometric quantization of topologically massive and pure Yang- 
Mills theories is studied in 2+1 dimensions. Analogous to the topologically 
massive AdS gravity model, both topologically massive Yang-Mills and pure 
Yang-Mills theories are shown to exhibit a Chern-Simons splitting behavior at 
large distances. It is also shown that, this large distance topological behavior 
can be further used to incorporate link invariants. 


1. Introduction 


In 2+1 dimensions, Yang-Mills(YM) theory is known to have a mass gap, which 
makes the theory trivial at very large distances. However, this is not the case 
for topologically massive Yang-Mills theory(TMYM). In TMYM theory, as Yang- 
Mills contribution decays exponentially at large distances, the Chern-Simons(CS) 
term becomes dominant, which leads to a topological theory. For a mass gap of 
to, the scale is given in comparison to 1/m. This work focuses on the large but 
finite distance behavior of TMYM and pure YM theories by taking the first order 
contributions in the 1 /to expansion into account, neglecting all higher order terms. 
At this limited scale, both theories have interesting topological behaviors, very 
similar to the topologically massive AdS-gravity model at corresponding limits. 

1.1. Topologically Massive AdS Gravity. For a dynamical metric 7 ^, 
the action for the topologically massive AdS gravity model is given by mm 



(1.1) 


This action naturally splits into two CS terms SHU, by defining 


T+bM = u}^ a b[e] ± e a b c e M c , 


( 1 . 2 ) 
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where e ^ is the dreibein and w /i a &[e] is the torsion-free spin connection. Then, the 
action O) can be written as 

(1-3) S[e] = (l - i) 5 CS [A+[e]] + \ (l + £) S C s[A~[e]] 

where 

(1.4) 5 CS [^ = IJ V« + 2 c A v c b A p b . 

For our interests, the main difference between this gravity model and TMYM theory 
is that the latter has a mass gap, therefore it has a topological behavior only at 
large distances. But the gravity model is given by CS theory irrespective of the 
value of //. In TMYM theory, large distances are obtained by taking large values of 
to. Large to, in the sense of near CS limit of TMYM theory, corresponds to small 
values of p in the gravitational analogue. On the other hand, the /x —> oo limit(pure 
Einstein-Hilbert limit) of the gravity model is analogous to pure YM theory. 

Now, let us focus on the two important limits of (11.31) . For small values of /x, 
m can be written as a sum of two half CS theories as 

(1-5) S[e] « ±-S C s[A + [e\] + ^S CS [A~ [e]]. 

In the /x —> oo limit, it is equal to the difference between two half CS theories, as 
(1-6) S[e) = lScs[A-[e}]-^S cs [A+[e]}. 

The main goal of this work is to investigate whether or not a similar CS+CS type 
splitting appears in TMYM theory and a CS-CS type splitting in pure YM theory 
at large distances. 

1.2. Holomorphic Quantization of Chern-Simons Theory. Before we 
tackle pure and topologically massive Yang-Mills theories, it would be beneficial to 
review the geometric quantization of pure Chern-Simons theory. This section will 
be a quick review, following refs. [7[® 

In this section and all following sections, we will choose the temporal gauge 
Aq = 0 for all of the theories we study. We will also use the complex coordinates, 
where A z = \{A\ +iA 2 ) and A z = \{A\ — iA 2 ). In these coordinates, the conjugate 
momenta of CS theory are given by 

(1.7) H az = and Ii a2 = ~A a z . 

47T 47T 

Now, we can write the symplectic two-form for pure CS theory as 

( 1 . 8 ) SA * SA ‘ 

E 


where E is an orientable two-dimensional surface. 
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1.2.1. The Wave-Functional. We start with choosing the holomorphic polar¬ 
ization that gives <!>[A Z ,A Z ] = e~^ K fi[A z ], where K is the Kahler potential, $ and 
fi are pre-quantum and quantum wave-functionals. Kahler potential is given by 
K=£fA» E A“. 

S 

Upon quantization we can write 

(1-9) A z fi[A,} = ^-^-fi[A,]. 

For the gauge theories that we are interested in, the wave-functional can be 
factorized as fi = fix, where fi is the part that satisfies Gauss’ law of the theory 
and x is the gauge invariant part. To find fi, one makes an infinitesimal gauge 
transformation, then forces the Gauss law constraint. This leads to a condition 
that is usually solved by some WZW action. Then, the Schrodinger’s equation can 
be solved to find %. The Hamiltonian of pure CS theory in the temporal gauge 
is zero, hence Schrodinger’s equation is trivially satisfied. This makes \ = 1 a 
sufficient solution. For the theories that are not scale invariant, x is where the 
scale dependence would be hidden. 

For pure CS theory, the generator of infinitesimal gauge transformations is 
G a _ anc [ the Gauss law is given by G a fi = 0. 

Before we continue, we shall parametrize the gauge fields, using Karabali-Nair 
[9] parametrization, as 

(1.10) A z = U ] ~ l d z U ] and A z = -<9~t/£/ _1 . 


Here U € SL(N, C) and it gauge transforms as U —> gU, where g £ Q and Q is the 
gauge group. U can be written as 


( 1 . 11 ) 


U(x, 0, C) = Vexp I — / (A~dz + A z dz) 


c 


where A z satisfies d z A z — d z A z + [A z , A z ] = 0. This flatness condition is what makes 
(11.101) a good parametrization, since it makes U invariant under small deformations 
of the path d on S. From (11.111) . it follows that 

(1.12) A z = -d z UU~ x and A z = U ] ~ l d z U ] . 


Now, we make an infinitesimal gauge transformation on fi, as 
S e fi[A z \ = j d 2 z S e A1 ^ 

(113) =/^ 4 W +i/ ‘“‘' 4 *w)' A 

= - ^ f d 2 z e“(F“, - d z A%)fi. 

After applying the Gauss law, one gets 

(1.14) 5,fi[A z ] = A J d 2 ze a d z A a z fi[A z \, 

which is solved by mm 

(1.15) i>[A s \ = exp(kS W zw(U)). 
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1.2.2. The Gauge Invariant Measure. The metric of the space of gauge poten¬ 
tials (srf) is given by [ 12 \ 


(1.16) 


dsl, = J d 2 x 5A“5A°; = -8 J Tr(6A- z SA z ) 
=8 J Tr[D z (SUU~ 1 )D z (U^~ 1 SU^)]. 


This metric is similar to the Cartan-Killing metric for SL(N,<C ), which is given by 

(1.17) ds 2 W) = 8 J Tr[(6UU~ 1 )(U^~ 1 5U jl )\. 

The volumes of these two spaces are related by 

(1.18) dp.{^) = det(D z D z )d/j,(U, t/ f ). 

To make this measure gauge invariant, we need to define a new gauge invariant 
matrix H = U'U, which is an element of the coset SL(N,C)/SU(N). To integrate 
over only the gauge invariant combinations of U and , we write 

(1.19) dfj,(g/) = det(D z D z )d/j.(H). 

The determinant is given by BH3 

(1.20) det(D z D z ) = constant x e 2 ^s W zw(H) 


where ca is the quadratic Casimir in the adjoint representation. 

Now, using the Polyakov-Wiegmann(PW) [1011111 identity, we can finally write 
the inner product 


( 1 . 21 ) 


(V#) = 


dfi(£/) e K ^*ip 


dfi(H) e ( - 2cA+k '> Swzw ( H) 


1.2.3. Wilson Loops. In the temporal gauge, finding the expectation value of 
a Wilson loop using geometric quantization is problematic. In this gauge, the 
operator is given by 


( 1 . 22 ) 


W R (C) =Tr R V e 


I ( A z dz+Asdz ) 


The derivative operator A z in the Wilson loop makes it difficult to calculate the 
path ordered exponential acting on the wave-functional. To go around this prob¬ 
lem paying almost no price, we will use a Wilson loop-like observable W(C) = 
Tr U(x,x,C), where U is given by (11.111) . We can write W as 

— <f {A z dz-\-Azdz) 

(1.23) W R (C) = Tr R V e • 


A z is defined as d z A z — d z A z + [A z , A z ] = 0. Since Gauss’ law forces F zz = 0, we 
can say that W is the Wilson loop on the constraint hypersurface. 

Since the theory is given by Swzw(H), WZW currents J~ = —d z HH~ x and 
J z = H~ 1 d z H can be used to write gauge invariant observables. A z and A z can 
be written as 

A z — — dMU- 1 = C/ t_1 J f f/ t + U^~ l d- z U\ 

A z = - d z UU~ l = C/ t_1 J s [/ t + rf~ x d z U\ 


(1.24) 
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which are SL(N, C) transformed WZW currents. With this information, we can 
write (11.2311 in terms of H as 

£<a z HH- 1 dz+d s HH- 1 dz') 

(1.25) Wr(C,H) = Ttr V e c 

Now that W is written in terms of H and it commutes with the wave-functional, 
we can write its expectation value as 

(1.26) (VV(C')) = f dn{H) e {2cA+k)Swzw{H )W(C,H). 


2. Topologically Massive Yang-Mills Theory 

The TMYM action is given by 
Stmym =Scs + Sym 


( 2 . 1 ) 

By defining 

( 2 . 2 ) 


k 

4tt J 

k i r 
4-7T 4m J 

Ex [U,tf] 


A^ — A^ 


d 3 x Tr ( A^A a + -A^A„A C 


d 3 x Tr F^F^. 


1 


+ ^ 


the conjugate momenta are given by 


(2.3) 


ik 


ik 


I I az = — -A% and H az = — -A* 
4tt 2 4tt 2 


Using E z = 2 ^F 0z and E z = ~ 2 m F 0z , components of A can be written as A z = 
A z + E z and A z = A z + E z . 

The symplectic two-form of the theory is given by 


(2.4) 


f(6A a z 6A a z +6A a z SA a z ). 


From m , it can be seen that the phase space of TMYM theory consists of two 
CS-like halves. This becomes more clear in coordinates B z = ^(A± + iA^), C z = 
h(Ai+iA 2 ). In these coordinates the sympectic two-form is in the form of 5B Z 5B Z + 
SCJC Z . 


2.1. The Wave-Functional. Choosing the holomorphic polarization leads to 
4>[A Z ,A Z ,A Z , A s ] = e~% K ip[Az,Az], where K = -^ f s (A?A%+A%A%) is the Kahler 
potential. Upon quantization, we write 

47r 5 ~ 47r 5 

A z %/j = --^ and A a ^ = 

k 6 A? k SA % 


(2.5) 


k SA 
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2.1.1. The Gauss Law. An infinitesimal gauge transformation on ip[Ag, A z ] is 
given by 


( 2 . 6 ) 


Sip 


Sip 


WA„A,]= K* 


Using (12.51) and 8A\ = D z e a , SAff = D z e a , we get 


(2.7) 


Self) = / d 2 z e a D z —=- + Dz—— if) 


SA% 


■ 8 A% 


k_ 

47r 


/ d 2 z e a 


( d ‘ 


zA a s + d z A% - 2 F zS - D z Ez + D S E 


:) lf> 


For TMYM theory, Gauss’ law is given by G a ip = 0, where G a = ^{2F ZZ + D Z E Z — 
D Z E Z ). After applying Gauss’ law, the gauge transformation becomes 


( 2 . 8 ) 


5 e ip = ^ J d 2 z e a (d z A a z + d z A %) ip. 


This condition is very similar to (11.141) and can be solved by if) = <px, with 


(2.9) (f>[Az, A s ] = exp 

Here we used the parametrization 


7j(Swzw(U) + Swzw(U )) 


( 2 . 10 ) 


U(x, 0, C) = Vexp — / {A s dz + A z dz ) 


c 


which can be followed by the tilde versions of the equations (11.101) and (11.121) . 

2.1.2. Schrodinger’s Equation. With a = B = fEp zz an d U gi n g Euclidean 

metric, the Hamiltonian for TMYM is given by 

77? fy 

(2.11) TL = — (EffE? + E“Ef) H- B a B a . 

2a m 

E-fields satisfy the commutator 

(2.12) [E a z (x),E b E (x 1 )} = -2a 8 ab S^ 2 \x - x'). 


This allows us to interpret E z as an annihilation operator and E~ as a creation 
operator m To get rid of the infinity, the Hamiltonian can be normal ordered as 

771 08 

(2.13) U = —EffE? + —B a B a . 

a m 

At large distances compared to 1/m, it is the standard practice to neglect the B 2 
term 1131 . Since we are interested in the near CS limit of the theory, we take m 
to be large and ignore the potential energy term. In that case, the vacuum wave- 
functional is given by E z ip = 0. In terms of the derivative operator, E z = A z — A z 
can be written as 


(2.14) 




5(f) \ 47t / 5x 

S¥J X + T \5Al 



(f). 


The derivatives of (f> are given by A and A [8j as 
47t 8(f> 


(2.15) 


Ay = 


C 


= A a z (f) and A a z (f) = 


47t 5(f) 

~klM 


= Af 


k 5A‘ 
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Now by defining £ z = A z — A z we can write 
(2.16) = + 
Solving E z ip = 0 for \ gives 



</>■ 


(2.17) 





Since both 1? and £ are first order in 1/m, \ = 1 + Oil/m 2 ). Thus \ can be taken 
as unity at large enough distances compared to 1/m. 

2.1.3. The Gauge Invariant Measure. For TMYM theory, the metric of the 
space of gauge potentials is given by 


(2.18) 


dsl/ = - 4 


Tr(SA~SA z + 5A Z SA Z ) 


= 4 J Tr[Dg(6UU- 1 )D x (Ul- 1 SU*) + DziSUU-^Dffi-^U*)]. 


The gauge invariant measure for this case is 

(2.19) dub*) = det{b s D z )det(D s b z )dn(U^U)dn(U^U). 

For a certain choice of local counter terms, the determinants can be written as 

(2.20) det{b z D z )det{D z D z ) = constant x e 2 ^(s wzw (u^u)+s wzw (uW)) 

To simplify the notation we define a new gauge invariant matrix N = U^U. Now, 
the measure becomes 

(2.21) dn{s/) = constant x e 2cA ( Swzw(N)+Swzw{Ni) )d^^d^N^). 

2.1.4. Chern-Simons Splitting. To find the inner product, using PW identity 
we write 

( 2 . 22 ) e- K ™™r T MYM^TMYM = e^ Swzw ^ +Swzw ^) x*X- 


We have shown that X*X = 1 + 0(l/m 2 ). Then the inner product for the vacuum 
state in the near CS limit is 

(2.23) 

{iPWtmym = J dp(N)dfi(N^) e G^+h(swzw{N)+s WZ w(N^) +0 ^/ m 2y 

Using (11.211) . this inner product can be written as two CS theories with half the 
level, as 

(2.24) {4>\i/j)TMYM k = (i’\i’)cs k/2 {il)\ip)cs k/2 +0(l/m 2 ). 

Here the labels k and k/2 indicate the levels of the CS terms in the Lagrangian. 
It is well known that k has to be an integer to ensure gauge invariance of CS. 
Here, we have two half level CS parts and each piece transforms as \Scs{A 9 ) —»• 
5 ‘S'c , s(^4 ) + Trkoj(g) where u>(g) is the winding number. Then, the sum of the two 
will bring an extra 2Trkui(g) that will not change the value of the path integral, 
even for odd values of k. But if one wants to write operator expectation values of 
TMYM theory in terms of CS expectation values using CS splitting, this can only 
be done for even values of k. 
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3. Wilson Loops in TMYM Theory 

Since A transforms like a gauge field, we can define a Wilson loop-like observable 
with it, as 

— f A^dx^ 

(3.1) T R (C) = Tr R Ve * 

To make a physical interpretation of this new observable, we will check and see if 
it satisfies a’t Hooft-like algebra with the Wilson loop. To simplify the calculation 
we will consider the abelian versions of the loop operators. In complex coordinates 
with temporal gauge, the operators are 

i £ (A z dz-\-A z dz) i £ (A z dz-\-A z dz) 

(3.2) W(C) = e c and T{C) = e ' 

These operators satisfy the following’t Hooft-like algebra 

(3.3) T(Ci)W(C 2 ) = e™ l{Cl ' c ^W(C 2 )T{Ci), 


where l(Ci, C 2 ) is the intersection number of Ci and C 2 , which can only take values 
0, ±1. This allows us to interpret T as a’t Hooft-like operator for TMYM theory. 
In this work, we will only consider loops that have zero intersection number. 

Instead of directly using T and W, we will use Tr U(x, x, C) and Tr U{x, x, C) 
or 


(3.4) 


— £ (A z dz-\-A z dz) 

W R (C) = Tr R V e c and 


T r (C) = Tr R V e 


f(A z dz+A z dz) 


to avoid the same problem we had in CS Wilson loops. Once again these can be 
written using gauge SL(N,C) transformed WZW currents — d-NN -1 , —d z NN -1 , 
-djlVtlVt- 1 and -d z N^N^- 1 as 

f(d z NN- 1 dz+d E NN~ 1 dz) 

W R (C,N)=Tr R V e* 

<f(d z N^ Ni-^dz+dzNi N^~ 1 dz) 

T r (C,N^) = Tr R V e c 

Using these operators, we can calculate the following expectation value 
(3.6) 

<>Vr 1 (C' 1 )7 R2 (C 2 )> = J dv(x/)r 0 W Rl (Ci)T R2 (C 2 )ip 0 

= J dn(N)dii(N*) e ^+i){s W zw{N)+s wzw {NA) (C\,N)T R2 (C 2 ,7V f ) 

+ 0(l/m 2 ). 

This leads to interesting equivalences between the observables of TMYM and CS 
theories: 

(3-7a) ( yV R {C)) T MYM 2k = (Yd R {C))cs k UC^l/m 2 ), 


(3-7b) (T R (C)) T MYM 2k = (W R (C))cs k +0(l/m 2 ) 

and 

(3.7c) 

( y^ Rl {Ci)T R 2 {C 2 ))TMYMn k = ^(W’rUC'OIc's.I ( / (W’i ?2 (C' 2 ))cs fc ^ + 0(l/m 2 ). 
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Notice that these equivalences are written for even level number on the TMYM 
side. Although (WR(Ci)TR(C 2 ))TMYM k is gauge invariant for all integer values of 
k, (E25 can only be written for even level number on the TMYM side. 


4. Pure Yang-Mills Theory 


In previous sections, we have shown that at large distances, TMYM theory 
exhibits a CS+CS type splitting behavior, analogous to (EH- This section is a 
quick summary of how CS-CS splitting can be obtained for pure YM theory at 
large distances, analogous to m ■ 

The action is given by 

(4.1) S YM = -^-^~ [ d 3 xTr (F^F^). 

4-7T 4to J 

Ex [U,tf] 

Here, the constant dL is inserted so that the split CS terms will have level numbers 
at the end of our calculation. At this point there are no restrictions on k. The 
symplectic two-form of the theory is 

7 A* C 

(4.2) il = - -j (6E?6A a z + 6A“6E a z ). 

E 

With defining 

(4.3) Ai = Ai + Ei and Ai = A, — Ei, 


the symplectic two-form can be written as a difference of two half CS-like parts as 


(4.4) 


jb f 

H = - / {8A%8A% ~ SA%SA%). 


Using the methods we described in the previous sections, it can be shown that 
the wave-functional is given by 

k 

~{Swzw(U) — Swzw{U)) x, 


(4.5) 

or equally 

(4.6) 


ip[A s , A e ] = exp 

i>[A s , At] = exp 


t;(Swzw{U) - Swzw(U)) 


Similar to TMYM theory, it can be shown that \ = l+C ) (l/m 2 ), since both TMYM 
theory and pure YM theory have the same Hamiltonian in the temporal gauge. 

By defining new gauge invariant matrices Hi = UW and H 2 = U^U, the 
measure is given by 

(4.7) dp{^) = e 2cA ( Swzw ( Hl)+Swzw{H2) )dp,(Hi)dp(H 2 ). 


Now, using PW identity, the inner product can be written as 

(4.8) (V#) = J dp(H 1 )dp(H 2 )e( 2cA+ ^ Swzw( ' Hl)+ ( 2cA ~^ Swzw( ' H2) +0(l/m 2 ). 

This inner product can also be written in terms of two CS inner products with 
levels k/2 and — k/2 as 

(4-9) (V’olV’o )vM k = (V’IV’)cs fc/2 (V'IV')cs_ fc/2 + 0(\/m 2 ). 
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This shows that the insight provided by the gravitational analogue theory was 
correct in this limit as well. Analogous to the pure Hilbert-Einstein limit (11.61) . 
pure YM theory can also be written as a difference of two split half-CS parts at 
large finite distances. 

Although initially there were no restrictions on k 7 now it may seem like it has 
to be an even integer to ensure gauge invariance of the split CS terms. This is not 
necessary, since each CS part transforms like \Scs(A 9 ) 7jScs(A) + nkuj(g) and 
two 7 Tktu(g) terms cancel each other. But if one wants to write YM observables in 
terms of CS Wilson loops, similar to our discussion on TMYM observables, this 
can only be done for even values of k. 

5. Conclusions 

We have shown that at large enough distances, both near CS limit and pure 
YM limit of TMYM theory exhibits a CS splitting behavior as predicted by the 
analogous gravitational theory, topologically massive AdS gravity. In the near CS 
limit, each split CS part has the level k/2. The pure YM theory however, has split 
parts with levels k/2 and —k/2. At very large distances, split CS parts of TMYM 
theory add up to give the original level number k. On the other hand, for pure 
YM theory, the split parts cancel at very large distances to give a trivial result, as 
required by the existence of a mass gap. 

In section OH we have shown that the CS splitting can be exploited to write 
TMYM observables in terms of CS observables. This allows us to use skein relations 
in order to calculate TMYM Wilson loop expectation values. A similar calculation 
can be done for YM observables at large enough distances. 

Detailed calculations on this work can be found in refs. rrarnr. 
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